Using the differential equations obeyed by the Bogoliubov coefficients, and a simple cosmological model, we calculate features in the gravitational-wave power-spectrum that correspond to different types of transition between the inflationary regime and the radiation dominated era.
I. Introduction
Although gravitational-waves of cosmological origin have not yet been directly detected, they are at present the object of an important effort of research, as they provide us with a unique telescope to the very early stages of the formation of the universe. Using the upper bound set up by the COBE measurement of the total flux of energy coming from the metric perturbations [1] , we explore the consequences, to the power spectrum of the stochastic background of gravitational-waves, of the possible existence of different regimes of transition between the inflationary universe and the standard radiation dominated expansion. This transition is far from being well known and it may be of some interest to explore the signatures associated with different possibilities, just assuming that an ideal detector will be able, in the more or less distant future, to explore in some detail the power spectrum. Examples of this can be seen in the works of Giovannini ([2] , [3] and [4] ), as well as in Mendes and Liddle concerning models with thermal inflation [5] .
In the present work, and contrary to these authors, we do not use the sudden transition approximation between different eras. We model the transitions as continuous and integrate numerically the differential equations, derived by Parker [6] , for the time dependent Bogoliubov coefficients. Associated with the sudden transition approximation we always have an overproduction of gravitons of large frequencies, requiring the introduction of an explicit cut-off for frequencies larger than the rate of expansion at the time of the transition. Quite often, also, some more or less delicate cancellations have to be worked out in the limit of the low frequencies. All this is automatically taken into account by the use of continuous transitions.
For simplicity, we assume that inflation is dominated by a cosmological constant, after which we have a transition period modelled by a selfinteracting scalar field, whose energy is continuously transferred to a fluid, with an equation of state of the form p = γ̺, through the action of a frictional term. This is followed by the radiation and matter eras. At a certain point, during the matter era, the universe is supposed to become dominated by dark energy, described by an equation of state of the form p de = −w̺ de , in agreement with the results of the WMAP satellite [7] .
II. The model
The background metric is defined by
At the beginning the expansion is driven by a cosmological constant, up to a time η = η i , when both the transition period and our integration begin. The scale factor up to η = η i is given by
where H is the Hubble constant during inflation and η 1 = a(η i )/a ′ (η i ) + η i [8] . In conformal time the Einstein's equation for the scale factor is
where
and
define the total energy density and pressure, and ̺ and p = γ̺ are the energy density and pressure of the fluid into which the scalar field energy density is transferred. For numerical convenience, we divide the integration into two parts, the first part taking us from η i up to η 1 , the end of the transition period, also marking the beginning of radiation domination. At this point, the energy that initially was in the scalar field will have been transferred to the radiation field p = ̺/3 (the energy contained in the matter and dark energy components are still completely negligible). Once the present content of the universe is known from the WMAP measurements, we know the redshift corresponding to this point and, from it, we easily find the redshift corresponding to η = η i . We then begin the second part of our integration that will take us from η 1 till the present time, η o , using the Einstein's equation in the form
where, in conformal coordinates, the radiation fluid does not contribute to it and ρ mo and ̺ deo are the present values of the energy densities in the matter and dark energy components. We define the scale factor at the present time to be a(η o ) = 1; knowing ̺ mo and ̺ deo , we know the redshifts corresponding to the transitions between radiation to matter domination and from matter to dark energy. The other background equations, for the first stage of integration, are the equation for the scalar field
and the equation(s) for the fluid(s) p = γ̺. If, after the end of inflation at η = η i , and before the radiation stage (γ = 1/3), we have an intermediate stage with p = γ̺ (γ = 1/3), we then have the two equations
l being a control number, which is different from zero only after a pre-defined and more or less extended interval of time such that, by then, the energy of the scalar field has effectively been transferred to the fluid p = γ̺; Γ ϕ and Γ are the frictional decay constants that control this tranfer of energy from the scalar field to the fluid and from this to radiation field, respectively. The remaining equations to be used in both stages of integration are the ones for the Bogoliubov coefficients, defined below (eqs. 18 and 19). We must stress that our aim is not to construct a truly realistic model for the transition period marking the end of inflation, but to explore different possibilities with the help of a simple and reasonable toy-model. As for the tensor perturbations h ij (latin indices from 1 to 3) of the space part of the metric a(η)
2 (δ ij + h ij (η, x)), they can be expanded, in the usual manner, in terms of plane-waves
where x denotes the spatial coordinates, k =| k |=2πa/λ = ωa; the index p runs over the two polarizations of the gravitational-waves, and ε ij is the polarization tensor, a p the annihilation operator and ξ the mode function for the gravitational-waves. The mode function obeys the equation
the derivatives being with respect to conformal time η. We now express the creation and annihilation operators, at η, in terms of the initial creation and annihilation operators A † p (k) and A p (k), through the Bogoliubov coefficients α(k, η) and β(k, η):
α and β satisfying the relation
These coefficients, which, in the sudden approximation, are calculated by requiring the mode functions and their derivatives to be continuous across the transitions, obey the set of coupled of differential equations [6, 8] 
where η o is an arbitrary constant to be put equal to η i ; in Parker's integral equations the function W (k, η) has here been replaced by the ansatz W (k, η) = k. Introducing the functions X(k, η) and Y (k, η) through the definitions
the two equations above take the form
these being the remaining equations of our system. When the scale factor obeys a simple power-law, the solution to eq. (18) is expressed in terms of Hankel functions. When this is not so, as in the present situation, we have to integrate it numerically, with appropriate initial conditions. For the case of an initial stage dominated by a cosmological constant and a scale factor a defined by eq. (2), the solution is well-known and will define the initial conditions for X and X ′ :
with (η 1 − η i ) already known. At the end of the integration, when the initial and final states are characterized by different kinds of mode functions, an additional Bogoliubov transformation is necessary, as explained in references [8] and [9] ; with a final stage dominated by dark energy with an equation of state p de = −w̺ de , w ≈ −0.78, we may ignore the final projection, as it is numerically irrelevant.
Once we have X and X ′ at η = η o , α f inal and β f inal can be recovered from eqs. (16), (17) and (19). The number of gravitons created during the expansion of the universe is given by |β f inal | 2 [6] ; taking into account that the density of states is ω 2 dω/(2π 2 c 3 ) and that each graviton contributes with two polarization states 2 ω, then, from the definition of the energy density dE = P (ω)dω, we have the following expression [10] for the power-spectrum P (ω):
We can also express the results in terms of the the relative logarithmic energy-spectrum of the gravitational-waves, which is defined by
where ρ c is the value of the present time critical density and ρ gw is the gravitational-wave energy density
When performing these calculations within the sudden transition approximation, due to a logarithmic divergence, a cut-off needs to be introduced in eq. (24) on the high-frequency gravitons, which depends on the speed of the physical transition [10] . This is not necessary when the transitions are continuous, as shown in [8] and [11] . In the low-frequency limit we have a natural cut-off provided by the size of the present horizon [10] . The gravitational-wave contribution cannot be larger than the total amount of anisotropy measured by COBE. This implies that W is limited by (value taken from [2] ) W 1.37 × 10 for frequencies corresponding to the present horizon size ω hor , where we used H = 71km.s −1 .Mpc −1 . In the numerical simulations we used a slightly lower W , of the order of 30% of this value.
III. Numerical simulations
To proceed with the numerical calculations, we used the simple scalar field potential
taking p = 4 and µ = ϕ(η i ), the initial value of ϕ. Thus, at the beginning of the integration V = V o , V o being then equal to the scale of the inflationary regime. We now give and discuss a few examples.
Example 1
In the first example we assume that that the inflationary regime is followed by a period dominated by a fluid with a stiff matter equation of state, eq. (8) with γ = 1.
An instance of a model of this kind is the quintessential inflationary model developed by Peebles and Vilenkin [12] and explored, from the point of view of the production of gravitational waves, by Giovannini [3] . First, the energy in the scalar field is converted into a stiff matter fluid, by the action of the Γ ϕ term; we consider the conversion concluded when ̺ stif f .a 6 becomes constant. Then, after a period of time, which we took approximately equal to ∆η = 2.8 × 10
4 , in Planck units, the stiff matter is in turn converted into radiation with the help of the phenomenological frictional term Γ stif f in eqs. (8) and (9) . We used as initial conditions, at η = η i , the values ϕ i = 0.001, ϕ With these values, the redshift corresponding to η i is z inf = 4.0 × 10 29 . The relative logarithmic energy-spectrum W (ω) is given in figure 1 . We see the new feature, first noticed by Giovannini [3] , appearing in the hard branch of W (ω), for frequencies ≥ 10 −5 rad/s. From the results in [8] , we expect a cut-off to emerge naturally for frequencies ω 10 8 rad/s, sensitive to the first transition between the end of inflation and the stiff matter stage (we did not go beyond ω = 10 2 rad/s due to the very fast increase in the computing time required).
The jump in W (ω) increases in size with the increase in the interval of time ∆η, during which we allow the stiff matter stage to dominate. In the present case we have, for example, W (ω hor ) = 4.1 × 10 Instead of an increase in W , we find a decrease (see figure 2 ), which will also depend on ∆η: W (ω = 10 −1 rad/s) = 4.15 × 10 −13 , lower than the hardbranch value W (ω = 10 −12 rad/s) = 1.7 × 10 −12 . Although during the dust matter interval gravitons are produced, particularly during the transitions to and from this period, the increase in the scale factor a is faster than in the previous example, leading to a stronger redshift of the energy, and a decrease in W .
In the same spirit of exploring different configurations between inflation and radiation, we next investigate what happens when we have a period with stiff matter followed by dust, or vice-versa, before the final transition into the radiation era.
Example 3 Inflation is now followed by a dust-like period (γ = 0), which is in turn followed by stiff matter (γ = 1).
The dust and stiff matter periods have an extension given by ∆η dust = ∆η stif f = 1.8 × 17 GeV , with the same Γ ′ s, we find the results seen in figure 4, first a dip and then an increase with respect to the hard-branch line, this last still at the same level of W (ω = 10 −12 rad/s) = 1.7 × 10 −12 . In all the examples above, in order to obtain W (ω hor ) = 4.1 × 10 −11 , we had to fix a scale for inflation of the order of 10 17 GeV , a few times above the limit found in [13] of 2.6 × 10 16 GeV . Given the uncertainties around this period, we believe our values for V o to be reasonable; with V o = 2.6×10
16 GeV , we would have got values for W (ω) one/two orders of magnitude below the ones we gave.
Other, more complex, situations could have been devised, but these examples already show that, if we have a complicated transition between inflation and radiation, and an ideal detector, by observing the shape of W (ω) we may eventually be able to say a lot about such transitions, as the changes in W (ω) not only reflect the different equations of state, but also the order and sequence of the different periods. This can be seen from the comparison between figures 3 and 4. In all cases studied, the size of the new features depends on the extension of the different intermediate periods.
The results shown correspond to a simple model, but we believe that the points raised are sufficiently interesting to deserve further consideration. 
